In concentrically rotating double cylinders consisting of a stationary outer cylinder and a rotating inner cylinder, Taylor vortex flow appears. Taylor vortex flow occurs in journal bearings, various fluid machineries, containers for chemical reaction, and other rotating components. Therefore, the analysis of the flow structure of Taylor vortex flow is highly effective for its control. The main parameters that determine the modes of Taylor vortex flow of a finite length are the aspect ratio Γ, Reynolds number Re. Γ is defined as the ratio of the cylinder length to the gap length between cylinders, and Re is determined on the basis of the angular speed of the inner cylinder. Γ was set to be 3.2, 4.8 and 6.8, and Re to be values in the range from 100 to 1000 at intervals of 100. Thus far, a large number of studies on Taylor vortex flow have been carried out; however, the effects of the differences in initial conditions have not yet been sufficiently clarified. In this study, we changed the initial flow field between the inner and outer cylinders in a numerical analysis, and examined the resulting changes in the mode formation and bifurcation processes. In this study, the initial speed distribution factor α was defined to be a function of the initial flow field and set to be 1.0, 0.999, 0.9 and 0.8 for the calculation. As a result, a difference was observed in the final mode depending on the difference in α for each Γ. From this finding, non-uniqueness, which is a major characteristic of Taylor vortex flow, was confirmed. However, no regularities regarding the difference in mode formation were found and the tendency of the mode formation process was not specified. Moreover, the processes of developing the vortex resulting in different final modes were monitored over time by visual observation. Similar flow behaviors were initially observed after the start of the calculation. Then, a bifurcation point, at which the flow changed to a mode depending on α, was observed, and finally the flow became steady. In addition, there was also a difference in the time taken for the flow to reach the steady state. These findings are based on only visual observation. Accordingly, a more detailed analysis at each lattice point and a comparison of physical quantities, such as kinetic energy and enstrophy, will be our future tasks.
Introduction
Taylor vortex flow between two concentric rotating cylinders with finite axial length includes various patterns of laminar and turbulent flows, and its behavior has attracted great interest (1) (2) . For flow generated between two rotating concentric cylinders, when the circumferential velocity of the inner cylinder gradually increases from zero, Couette flow appears first; with a further increase in velocity, the flow becomes Taylor vortex flow, in which several torus flows called cells are superimposed, followed by wave Taylor vortex flow. Then, it finally becomes a turbulent flow. Taylor vortex flow appears in journal bearings, and in various fluid machines and chemical reaction containers and it is important to elucidate the Taylor vortex flow in order to control the flow (Benjamin, 1976) . Figure 1 shows a diagram of the two rotating concentric cylinders used in this study.
Since Benjamin's study (3) , Taylor vortex flow has been studied by many researchers, and the complexity of the flow has been clarified. The main parameters dominating the Taylor vortex flow include the aspect ratio Γ, the ratio of the cylinder length to the radial difference between the inner and outer cylinders, and the Reynolds number, Re, based on the angular velocity of the inner cylinder. Depending on differences in these parameter values, various types of Taylor vortex flows are formed. Besides these two parameters, Taylor vortex flow is affected by factors such as initial conditions and the time for which the angular velocity of the inner cylinder increases, thus, Taylor vortex flow is not unique. Thus far, a large number of studies on Taylor vortex flow have been carried out; however, the effects of the differences in initial conditions have not yet been sufficiently clarified. Furukawa et al. (4) analyzed the Taylor vortex flow assuming that the initial condition is a strict Couette flow or a stationary fluid, and compared the results with those of linear-approximation Couette flow. The flow observed between the two cylinders in this study is assumed to be a strict Couette flow, as adopted by Furukawa et al. It is extremely difficult to carry out a large number of physical experiments with slight changes in the initial condition (5) ,(6), (7) , the initial flow field between the two cylinders was changed by numerical analysis, and the resulting changes in the mode formation and bifurcation process were examined. 
Nomenclature

Computation condition
The lengths of the two concentric cylinders are finite. The flows are axially symmetric, and both upper and lower end walls are assumed to be stationary. The governing equations are Navier-Stokes equations with cylindrical coordinates (r, θ, z) and the equations of continuity.
Each physical value is nondimensionalized using the angular velocity of the inner cylinder as the representative velocity, and the radius difference between the inner and outer cylinders as the representative length. Discretization of the governing equations is based on the MAC method. For the time integration, we applied Euler explicit method; for space integration we applied the QUICK method for convection terms and the second-order central difference method for other terms. Although, we adopted fourth order Runge-Kutta method in the preliminary calculation, remarkable difference is not observed. We used both SOR and ILUCGS methods to solve Poisson's equation for pressure. The stationary (non-slip) condition was used for the upper and lower end walls. We applied Neumann conditions based on the equation of motion for pressure. Grids are staggered and equidistant in each direction. The number of grid points is 41 in the radial direction, and in the axial direction, it is 122 for Γ = 3.2, 202 for Γ = 4.8 and 282 for Γ = 6.8. Even though, the grids were refined by halving the spacing in each direction, no observable difference was found in the result. This ensures that the number of grid points used in the present calculation is large enough not to exert observable influence on results. The increment of time is 0.0002 second for the time dimension. The criterion for judging whether the flows have developed completely is that the relative change in torque with time applied to the cylinder wall is less than 10 -4 ; at this time, the flow is considered to have reached a steady state. Taylor vortex flow exhibits supercritical bifurcations, and it has bistable states. In experiment, the candidates of the factors that select a solution branch in the bifurcation diagram may be a thermal disturbance and an incomplete steadiness of an initial state. In the calculation, one of the counterparts of the imperfections is the residual of the numerical scheme. In the present calculation, the reversed sequence of pressure variables in the Poisson equation has resulted in mirror symmetric images of flow patterns with respect to the mid-plane, and it affects no significant influence on the results. To visualize the flow, the Stokes stream function ψ is used, which is defined by
Mode of Taylor vortex flow
Taylor vortex flow has a structure of flows, called modes, which are roughly divided into two classes: normal and anomalous. When both end walls are stationary, the normal mode has normal cells which flow from the outer cylinder to the inner cylinder (inward flow) in the vicinity of both upper and lower end walls; in contrast, the anomalous mode has anomalous flows from the inner cylinder to the outer cylinder (outward flow) in the vicinity of both upper and lower end walls or one of the end walls. 
Initial condition
The initial condition used in this study is Couette flow with the maximum angular velocity of the inner cylinder and zero angular velocity of the outer cylinder. In addition, the initial condition was set to be strict Couette flow to the maximum extent in order to obtain as accurate results as possible. The velocity in the circumferential direction v(r) is given as follows.
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Here A and B denote the constants obtained from the velocity and radii of the inner and outer cylinders. 100 Ｎ2 N2 N2 N2 N2 Re the initial flow field in Fig. 3(b ) is half that in Fig. 3(a) . In this study, as a factor indicating the distribution of the initial flow field, the initial velocity distribution coefficient was defined to be α, which is defined as follows.
In Fig. 3(a) , α = 1.0, whereas in Fig. 3(b) , α = 0.5. Initially, the stress-free condition is assumed on the inner cylinder wall, but the condition is changed to the non-slip condition soon after the first step of the time integration. Table 1 summarizes the modes of completely developed flows for three aspect ratios (Γ = 3.2, 4.8, 6.8), ten Reynolds numbers (from 100 to 1000 in steps of 100) and various initial velocity distribution coefficients (α  = 0.6, 0.7, 0.8, 0.9, 1.0) for a total of 150 combinations. On the basis of Table 1 , the non-uniqueness of Taylor vortex flow is confirmed to depend on the difference in α. Here, non-uniqueness means that even if the flow reaches a steady state with the same Γ and Re, the modes of completely developed flows are not determined uniquely, which is characteristic of Taylor vortex flow. For Γ = 3.2, three modes, i.e., Fig. 4(a) ) or 0.9 (Fig. 4(b) ). In the figures, the left-hand side corresponds to the rotating inner cylinder and the right-hand side corresponds to the stationary outer cylinder. The vortices colored with warm colors are rotating clockwise, whereas the vortices colored with cool colors are rotating anticlockwise. Figure 4 (a) shows a normal four-cell mode and Fig. 4(b) shows a normal two-cell mode. Figure 4 shows the difference in mode formation under the same Γ and Re, but different α . On the basis of this result, we can confirm the non-uniqueness of the Taylor vortex flow. In addition, in Table 1 , changes in modes depending on α for particular Γ are shown. Anomalous modes are observed when α = 0.6 or 0.7. In this study, however, no regularity or trends in the mode formation for any Γ can be confirmed.
Results and discussion
Confirmation of non-uniqueness of Taylor vortex flow
Formation process of vortex
On the basis of the results explained in section 5.1, the non-uniqueness of the Taylor vortex flow is confirmed. In this section, the vortex formation process is examined for the development of various modes depending on α. Figure 5 shows the mode formation process with time for Γ = 3.2, Re = 400 and α = 1.0 ( Fig. 5(a) ) or 0.9 (Fig. 5(b) ). The t in the figure indicates nondimensionalized time. The final modes in Figs. 5(a) and 5(b) are the normal four-cell mode and the normal two-cell mode, respectively. The flow behaviors at t = 3.6, 10.8 and 18.0 for α = 1.0 almost correspond to those for α = 0.9. In other words, even when α and the resulting final mode are different, the behaviors of the flows at the beginning of the calculation are similar. Different modes develop during the later stages of the vortex formation process, depending on the initial flow field. On the basis of this discussion, it is confirmed that the difference in mode formation for different initial conditions is caused by the change in flow during the vortex formation process. In Fig. 5(a) , the mode converges to the normal four-cell mode at t = 32.4; the flow is stable after this point. However, in Fig. 5(b) , the flow at t = 32.4 is still unstable; the mode converges to the normal two-cell mode at t = 61.2. Therefore, it was confirmed that a change in the initial flow field also has an effect on the time required for the flow to attain the stable condition.
Comparison in terms of physical values
In previous section, we observed that the behaviors of the flows at the beginning of the calculation are similar, even when the final flow modes obtained differ because of different α . In this section, the kinetic energy and enstrophy of the flows are compared to determine the tendency and characteristics of each mode in terms of the physical quantities such as α.
The kinetic energy E and enstrophy Ω  of a mean cross section are defined as ( )
Figures 6 and 7 show the relationships between t and E and between t and Ω, respectively. In Fig. 6 , E takes a maximum value at the start of the calculation when α = 1.0. E rapidly decreases with time and becomes constant when the flow becomes stable. For α = 0.9, E becomes maximum shortly after the start of the calculation. E decreases less slowly than the case of α = 1.0; an increase in E is also observed in the figure. Namely, the trend of E for α = 0.9 is less stable than that of α = 1.0. The reason behind this is the fast angular velocity of the inner cylinder with respect to the initial flow field. In addition, the difference between the maximum E value and the minimum E value is small for α = 0.9. Modes with smaller numbers of cells tend to have higher kinetic energy at the final mode, and this fact results in this smaller difference between the maximum E value and the minimum E value.
The relationship between t and Ω when α = 0.9 is similar to that when α = 1.0 up to a certain t value, although Ω  when α = 0.9 takes slightly smaller values. Ω is minimum at the beginning of the calculation and then gradually increases with time. The time at which Ω becomes maximum when α = 0.9 corresponds to that when α = 1.0. After reaching the maximum value,  when α = 1.0, Ω rapidly becomes constant. However, it takes a longer time for Ω to reach a constant value when α = 0.9. It is considered that this time is related to the time required for the flow to become stable. In the calculation range adopted in this study, enstrophy tends to be smaller for a final mode with fewer cells. Our future study will In this paper, the comparison is made only between the N2 and N4 modes. We compared another mode transitions using same method as shown in Figs. 6 and 7, but we cannot find how the initial conditions affect the modes of the flow. To analyze the complexity of the initial condition, we are now making a new analysis tool which can calculate mean kinetic energy and enstrophy of each vortices. Using new tool, we hope to analyze the relationship between the mode and the initial condition. That is our future work.
Conclusion
Taylor vortex flow observed between two coaxial finite-length cylinders with the upper and lower end walls under the stationary boundary condition was analyzed through numerical calculations, and the following conclusions were obtained 1.
It was confirmed that the mode formation of the Taylor vortex flow varies depending on the conditions of the initial flow field. In addition, no regularity in the mode formation for any Γ is observed.
2.
The vortex formation processes were visually examined for cases in which different modes formed depending on the conditions of the initial flow field. The behaviors of the flows are similar at the beginning of the calculation, but the flows eventually converge to different modes. In addition, we confirmed that the time required for the flow to become stable is affected by the initial flow field.
3. The kinetic energy and enstrophy for flows with different final modes are compared. The trends of kinetic energy and enstrophy when α = 0.9 are less stable than those when α = 1.0. It is considered that the angular velocity of the inner cylinder strongly affects the kinetic energy and enstrophy. .
